Abstract. We study the Second Main Theorem in non-archimedean Nevanlinna theory, giving an improvement to the non-archimedean Second Main Theorems of Ru and An in the case where all the hypersurfaces have degree greater than one and all intersections are transverse. In particular, under a transversality assumption, if f is a nonconstant non-archimedean analytic map to P n and D 1 , . . . , Dq are hypersurfaces of degree d, we prove the defect relation
Introduction
Classical Nevanlinna theory involves the study of the distribution of values of meromorphic functions. It may be viewed as giving a quantitative generalization of Picard's theorem that a nonconstant entire function omits at most one complex value. The foundation of the theory consists of two aptly named fundamental results: the First Main Theorem, which is a straightforward consequence of Jensen's formula, and the deeper Second Main Theorem. In higher-dimensional Nevanlinna theory, where one studies, for example, holomorphic maps from the complex numbers to complex projective varieties, the First Main Theorem readily extends while generalizations of the Second Main Theorem remain largely conjectural.
In analogy with the theory for complex numbers, a version of Nevanlinna theory has been constructed for p-adic meromorphic functions on C p , the completion of the algebraic closure of the p-adic numbers Q p . More generally, the theory can be developed for any algebraically closed field K complete with respect to a nonarchimedean absolute value.
In this setting, for analytic maps to projective space, the First Main Theorem and the Second Main Theorem (due to Ru [9] ) take the following form (see Section 2 for the definitions):
Theorem 2 (Second Main Theorem (Ru [9] )). Let D 1 , . . . , D q be hypersurfaces in P n over K in general position. Let f : K → P n be a nonconstant analytic map whose image is not completely contained in any of the hypersurfaces D 1 , . . . , D q . Then for all r ≥ 1,
Here, and throughout the paper, the implied constant in the O(1) is independent of r. In the case where all the hypersurfaces are hyperplanes, a Second Main Theorem with a ramification term was proven by Boutabaa in his Ph.D. thesis [3] (see also [4] and the papers of Khoai and Tu [8] and Cherry and Ye [6] ).
More generally, An [1] proved a Second Main Theorem for analytic maps to projective varieties.
Theorem 3 (Second Main Theorem (An [1]) ). Let X ⊂ P N be a projective variety over K of dimension n ≥ 1. Let D 1 , . . . , D q be hypersurfaces in P N over K in general position with X. Let f : K → X be a nonconstant analytic map whose image is not completely contained in any of the hypersurfaces D 1 , . . . , D q . Then for all r ≥ 1,
The purpose of this paper is to give an improvement to this Second Main Theorem when none of the hypersurfaces are hyperplanes and all intersections are transverse.
. . , D q , and X are transverse. Let f : K → X be a nonconstant analytic map whose image is not completely contained in any of the hypersurfaces D 1 , . . . , D q . Then for all r ≥ 1,
More generally, we prove (Theorem 10) an inequality in terms of an invariant related to the intersections between D 1 , . . . , D q , and X. In Theorem 12, we will show that the inequality (1) is sharp for X = P n and all values of n and d. As a consequence of Theorem 4, in Section 3 we recover a result of An, Wang, and Wong. If we define the defect of f , with respect to a hypersurface D, by
then Theorem 4 immediately implies the defect relations:
Corollary 6. Under the same hypotheses as Theorem 4,
Again, by Theorem 12, this last defect relation is sharp in the case of projective space.
We conclude this section with a comparison to results in classical Nevanlinna theory. The counterpart to Ru's non-archimedean Second Main Theorem is a result of Erëmenko and Sodin [7] .
Theorem 7 (Erëmenko, Sodin [7] ). Let D 1 , . . . , D q be complex hypersurfaces in P n in general position. Let f : C → P n be a nonconstant holomorphic map whose image is not completely contained in any of the hypersurfaces D 1 , . . . , D q . Then for any ǫ > 0,
for all r > 0 outside a set of finite Lebesgue measure.
In the case where all of the hypersurfaces are hyperplanes this is a classical result of Cartan [5] . In view of Theorem 4, it is natural to ask whether a corresponding improvement to the Erëmenko-Sodin theorem is possible.
Question 8.
Under the additional assumption that all intersections amongst the hypersurfaces are transverse, can the inequality in Theorem 7 be improved to
Finally, we mention a theorem of Ru [11] in the case where f is assumed to be algebraically nondegenerate.
Theorem 9 (Ru [11] ). Let X ⊂ P N be a smooth complex projective variety of dimension n ≥ 1. Let D 1 , . . . , D q be hypersurfaces in P N in general position with X. Let f : C → X be an algebraically nondegenerate holomorphic map. Then for any ǫ > 0,
When X = P n , this result was proved in an earlier paper of Ru [10] . When X = P n and all of the hypersurfaces are hyperplanes, this is contained in the well-known Second Main Theorem of Cartan [5] .
Notation and definitions
Let K be an algebraically closed field, of arbitrary characteristic, complete with respect to a non-archimedean absolute value | |. Let f (z) = ∞ i=0 a i z i be an entire function on K. For every real number r ≥ 0, define
Let f : K → P N be a nonconstant analytic map. Then we may write f = (f 0 , . . . , f N ) where f 0 , . . . , f N are entire functions without a common zero. We define the characteristic function T f (r) by T f (r) = f r := log max{|f 0 | r , . . . , |f N | r }.
Then T f (r) is well-defined, independent of the representation of f , up to an additive constant.
Let D be a hypersurface in P N defined by a homogeneous polynomial Q ∈ K[x 0 , . . . , x N ] of degree d. Consider the entire function Q • f = Q(f 0 , . . . , f N ) on K, and assume from now on that Q • f ≡ 0, i.e., that Q • f is not identically zero. Let n f (r, D) be the number of zeros of Q • f in the disk B[r] = {z ∈ K | |z| ≤ r}, counting multiplicity. This is independent of the choice of the defining polynomial Q and the representation of f . For r > 0, we define the counting function
and the proximity function
Note that m f (r, D) depends on the choice of Q only up to an additive constant. A variety X over K is said to be K-hyperbolic if every analytic map from K to X is constant. Let D 1 , . . . , D q be hypersurfaces in P N over K. We say that D 1 , . . . , D q are in general position if dim ∩ i∈I D i ≤ N − |I| for every subset I ⊂ {1, . . . , q} of cardinality |I| ≤ N + 1, where we set dim ∅ = −1. If X ⊂ P N is a projective variety over K of dimension n, then we say that D 1 , . . . , D q are in general position with X if dim ∩ i∈I D i ∩X ≤ n− |I| for every subset I ⊂ {1, . . . , q} of cardinality |I| ≤ n+ 1.
Let Y and Z be closed subschemes of P N with corresponding ideal sheaves I Y and I Z , respectively. We define Y ⊂ Z if I Z ⊂ I Y . We let Y ∩ Z denote the closed subscheme of P N with ideal sheaf I Y + I Z . If M is a positive integer, we let M Z be the closed subscheme of P N with ideal sheaf I M Z . We let Supp Z denote the closed subscheme of P N with the same underlying set of points as Z and the reduced induced scheme structure. By Hilbert's Nullstellensatz, for any closed subscheme Z, Z ⊂ M Supp Z for some positive integer M .
A Second Main Theorem
We now state and prove our main theorem.
Theorem 10. Let X ⊂ P N be a projective variety over K of dimension n ≥ 1. Let D 1 , . . . , D q be hypersurfaces in P N over K that are in general position with X. Let M be a positive integer such that for any subset I ⊂ {1, . . . , q} of cardinality |I| = n,
where we view D 1 , . . . , D q , and X as closed subschemes of P N . Let f : K → X be a nonconstant analytic map whose image is not completely contained in any of the hypersurfaces D 1 , . . . , D q . Then for all r ≥ 1,
If all intersections amongst D 1 , . . . , D q , and X are transverse, then we may take M = 1 in Theorem 10. Thus, Theorem 4 from the Introduction follows immediately. Let f = (f 0 , . . . , f N ) , where f 0 , . . . , f N are entire functions without a common zero. After reindexing, we can assume that
Proof. If max
We first claim that there is a constant C, depending only on Q 1 , . . . , Q q , and X, such that m f (r, D i ) ≤ C, i = n + 1, . . . , q. This fact is used in the proofs of the Second Main Theorems of An and Ru, but we recall the argument for completeness. Since the divisors D i are in general position with X, by Hilbert's Nullstellensatz, applied to Q 1 , . . . , Q n+1 and the defining polynomials of X, we have
for some positive integers m j and some homogeneous polynomials
where C ′ is the maximum of the absolute values of the coefficients of the polynomials a ij , 1 ≤ i ≤ n + 1, 0 ≤ j ≤ N . Choosing j so that |f j | r = |f | r and canceling |f | mj r from both sides gives
Let H 1 , . . . , H t be hyperplanes through P 1 , . . . , P t , respectively, such that D 1 , . . . , D n−1 , H 1 , . . . , H t are in general position with X and the image of f is not completely contained in any of the hyperplanes H 1 , . . . , H t . Let H i be defined by a linear form
. . , n. Then as before,
for some constant C ′′ independent of r. Dividing both sides by |f |
Mt r
and taking logarithms, we get
It follows that
Since D 1 , . . . , D n−1 , H 1 , . . . , H t are in general position with X, by the same argument that was given at the beginning of the proof, all but n of the proximity func- As a consequence of Theorem 10, we derive a slight generalization of the result of An, Wang, and Wong (Corollary 5).
Corollary 11. Let X ⊂ P N be a projective variety over K of dimension n ≥ 1. Let D 1 , . . . , D n be hypersurfaces in P N such that X, D 1 , . . . , D n intersect transversally. Since lim r→∞ T f (r) → ∞, this is a contradiction.
Finally, we show the sharpness of inequality (1).
